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We argue that a single-band itinerant electron model with short-range interactions, proposed by
Karchev et al. [1], cannot describe the coexistence of superconducting and ferromagnetic order.
In a recent Letter [1] Karchev et al. proposed a model
for the coexistence of s-wave superconductivity and fer-
romagnetism, in which both orders arise from itinerant
electrons. It has been investigated further in a recent
preprint [2]. The results presented in [1] are based on
a model with a local electron-electron interaction of the
form −JSr · Sr/2− gnr↑nr↓. In this comment, we point
out that the Hubbard-Stratonovich (HS) transformation
used in [1] predicts an ordered state even in the case of
non-interacting electrons. Although the HS approach is
attractive for the physical transparency it brings to the
study of quantum fluctuations in ordered states, it tends
not describe the microscopic competition between differ-
ent possible types of order well. The evidently incor-
rect inference mentioned above, and the well-known [3]
property that HS transformation can be used to derive
Hartree or Fock but not Hartree-Fock mean-field equa-
tions, are examples of this difficulty. In this comment we
show explicitly that the model considered in [1], when
treated by a Hartree-Fock mean-field theory, leads to a
physically sensible phase-diagram that does not support
simultaneous ferromagnetism and s-wave superconduc-
tivity [4].
Using the identity Sr ·Sr = 3(nr↑+nr↓)/4−3nr↑nr↓/2,
the local interaction can be written as −J˜λSr · Sr/2 −
g˜(1 − λ)nr↑nr↓ for arbitrary λ, where J˜ ≡ (J − 4g/3) =
−4g˜/3. In [1] ordered states can occur even for the non-
interacting case, J˜ = 0 = g˜, indicating breakdown of the
HS mean-field theory. To cast the subsequent discussion
in a transparent Hartree-Fock language, we perform a
particle-hole transformation on the down-spin, c↓(r) →
d†↓(r). The Hamiltonian expressed in terms of d-fermions
is given by
H =
∑
σσ′k
d†
kσ [ξkτ
z − g˜(1− λ)1]σσ′ dkσ′
+
∫
dr
[
J˜
2
λSr · Sr +
g˜
2
(1 − λ)(ndr↑ + n
d
r↓)
2
]
(1)
where ξk = ǫk−µ−g/2 is energy measured from a shifted
chemical potential, nd
rσ(Sr) is the number (spin) opera-
tor for d-fermions at position r, and we have used the
identities Sr · Sr = −Sr · Sr and 2n↑rn↓r = (3nd↑r +
nd↓r)− (n
d
↑r + n
d
↓r)
2 to derive Eq.(1). In this language s-
wave superconductivity corresponds to nonzero xˆ-yˆ spin-
polarization for the d-fermions. The local interaction
above is the sum of density (gnn
2
d/2) and isotropic spin-
dependent (gsS · S/2) contributions which give rise to
Hartree mean-fields gnnd1 and gs~τ · ~m/4, and exchange
mean fields −gn(nd1+ ~τ · ~m)/2 and −gs(3nd1− ~τ · ~m)/8
respectively. Here nd(~m) =
∫
k
〈d†
k
1(~τ)dk〉 is the average
d-fermion number (spin) density, gn = g˜(1−λ), gs = J˜λ,
and we have used Sr·Sr =
∑
αβγδ d
†
rαdrβd
†
rγdrδ(2δαδδβγ−
δαβδγδ) to evaluate the mean-field contributions from the
spin-dependent interaction. Although the Hartree and
exchange contributions individually depend on λ, the
Hartree-Fock mean-field Hamiltonian is independent of
this arbitrary parameter, thereby satisfying a minimum
requirement for physically meaningful conclusions. In
contrast, a naive HS approach which includes only the
Hartree (or exchange) self-energy gives an unphysical λ-
dependent mean-field Hamiltonian [1, 2].
The resulting Hartree-Fock Hamiltonian
HMF =
∑
k
d†
kσ
[
ξkτ
z −
g˜M
2
1−∆τx
]
σσ′
dkσ′ (2)
is easily diagonalized to yield the quasiparticle energies
E±(k) = −g˜M/2±
√
ξ2
k
+∆2. Here M is the ferromag-
netic order-parameter and ∆ = g˜mx/2 is (purely real)
superconducting order-parameter. The self-consistent
equations for M and ∆ are
M =
∫
d3k
(2π)3
[1− n+(k)− n−(k)] , (3)
1 = 2g˜
∫
d3k
(2π)3
n−(k)− n+(k)√
ξ2
k
+∆2
. (4)
These equations are similar to Eqs.(6) and (7) in [1] but
contain only one effective coupling constant g˜. For g˜ < 0
Eq.(4) implies that ∆ = 0, and it follows from Eq.(3)
that M 6= 0 solutions can occur only if g˜ ≤ g˜c where g˜c
is determined by Stoner’s criterion. For g˜ > 0 we get
the BCS solution, ∆ ∝ exp (−1/g˜N ), and Eq.(3) implies
that M = 0.
We conclude that coexistence of superconductivity and
ferromagnetism requires physics beyond that of a single-
band model with short-range interactions, and that HS
based mean-field approximations must be used with cau-
tion [7, 8], especially when separate terms in the inter-
2action Hamiltonian are represented by different auxiliary
fields.
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